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Convective structures in a two-layer gel-liquid excitable medium

Vicente Pe´rez-Villar,* Alberto P. Muñuzuri, and Vicente Pe´rez-Muñuzuri
Group of Nonlinear Physics, Faculty of Physics, University of Santiago de Compostela, 15706 Santiago de Compostela, Sp

~Received 27 July 1999!

The onset of convection due to wave propagation is investigated in the framework of the Belousov-
Zhabotinsky reaction. Numerical calculations are based on a three variable Oregonator model coupled with the
Navier-Stokes hydrodynamic equations under the Boussineq approximation for a system consisting of two
layers, a liquid and a gel, both in close contact through an interface where chemical concentration exchange is
allowed. The influence on the formation of convective rolls associated to wave front propagation is studied in
terms of the exchange rate through the interface, the liquid layer width, and the coupling strength between the
fluid flow and chemical dynamics. Waves are initiated on the surface of the gel and this perturbation is allowed
to propagate into the liquid initiating either two counterrotating convective cells~at both sides of the front! or
a disordered pattern.

PACS number~s!: 47.20.Bp, 47.70.Fw, 82.20.Mj
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I. INTRODUCTION

Chemical oscillations and pattern formation have been
teresting and fruitful areas of research for the past two
cades@1,2#. Many phenomena, such as target patterns, sp
waves, or periodic plane wave trains can be described
terms of reaction-diffusion mechanisms. Nevertheless, s
work has been done to include the hydrodynamic effects
develop when experiments are performed in aqueous s
tions. Convection may play a role in these processes s
different chemical compositions induce density gradie
produced by thermal and chemical gradients in the vicin
of the reaction front. In fluid problems such as the Rayleig
Bénard problem of a fluid heated from below, such buoyan
driven convection can take the form of traveling waves
oscillatory instabilities among other different pattern form
tion @3#. Involving both hydrodynamic and reaction-diffusio
effects, convection in autocatalytic systems is a potenti
rich and fruitful area of investigation.

Experiments in the iodate-arsenous acid system@4# have
shown that fronts traveling in vertical capillary tubes sho
that steady nonsymmetric convection can exist in
moving-front frame. This convection is driven by the buo
ancy of the lighter reacted fluid below the ascending fro
while the effect is different for descending fronts. In add
tion, Epstein and co-workers@5# have shown that the fron
velocity depends on the direction of propagation with resp
to the gravitational force. Numerical studies with an Oreg
nator reaction-diffusion model coupled with the Navie
Stokes hydrodynamic equations have been performed
Vasquez and co-workers@6# to reproduce the formation o
convective structures associated to the reaction fronts. In
sense, Biktashevet al. @7# numerically showed that the pres
ence of a constant advective flow in the direction of mo
ment of a wave front can increase or decrease its wave
locity. Analogously, the action of an electric field on
chemical excitable medium, where the role of the advect
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velocity is played by the electric field, is formally equivale
to that for reaction diffusion with convective flow@8#. A
series of delicate experiments by Miike and co-workers@9#
observed oscillatory hydrodynamic flow and periodic def
mation of wave fronts induced by spiral wave propagatio
Also, they showed the formation of convective rolls asso
ated with chemical waves in the framework of the Belouso
Zhabotinsky~BZ! reaction even in the absence of extern
factors such as surface tension, surface evaporative coo
or even inhomogeneities in the reagents that may affect
onset of convection. These convective structures may in
act with the spatial patterns finally leading to the develo
ment of autowave chaos~chemical turbulence! in a nonho-
mogeneous medium@10,11#.

In the last decade, the introduction of gelled media w
inmobilized catalyst~ferroin, ruthenium, etc.! covered by a
catalyst-free solution, partially solved the formation of co
vective cells since reaction and then front propagation occ
at the interface between the liquid and the gel. Neverthel
recent experiments by Markuset al. @12# and Ouyang and
Fleselles@13# reported the formation of disordered waves
the light-sensitive BZ reaction in which hydrodynamic flo
and/or inhomogeneities played an important role. Therefo
the purpose of this paper is to analyze the onset of conv
tion due to wave propagation in a system consisting of t
media; a liquid and a gel. Since the catalyst is inmobiliz
into the gel, we only consider flow motion into the liqui
part of the medium. A wave front propagating through t
common interface between the liquid and the gel leads to
formation of steady convective cells that can exist in t
frame of the moving front and may be unstabilized depe
ing on the relative values of the exchange rates of chemi
through the interface and the ion diffusivities, as well as
other factors as the liquid layer depth and the coupl
strength between the fluid flow dynamics and the chem
reaction kinetics.

II. MODEL

A. Equations of motion

In order to simulate the behavior of a gel-liquid syste
we considered two independent media in the system~the
3771 © 2000 The American Physical Society
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3772 PRE 61VICENTE PÉREZ-VILLAR et al.
upper part liquid and the lower gel!. In both of them, the
Belousov-Zhabotinsky~BZ! reaction takes place, but flui
motion only develops in the liquid medium~placed above the
gel part!. The only exchange of reactants is through the co
mon boundary. Even if a complete description of the syst
requires the use of a three-dimensional geometry, we
confine our attention to the simpler two-dimensional geo
etry, with thez axis in the direction of gravity. In the lowe
part of the system~gel!, only diffusion of the reactants is
considered, meanwhile in the upper part~liquid! we also in-
cluded the convective motions due to the concentration
dients of the chemicals.

In order to describe the reaction-diffusion process due
the BZ reaction, a three-variable Oregonator model has b
used@14,15# whose source, termsF,G, andH are given by

F~x!5
1

e
@w~q2u!1u2u2#,

G~x!5u2v, ~1!

H~x!5
1

e8
@2w~q1u!1 f v#,

wherex is the state vector of variables (u,v,w). u,v, andw
represent the dimensionless concentrations of@HBrO2#,
@ ferroin#, and@Br2# respectively, andf ,q,e,e8 are constants
related to the chemical kinetics@15–17#. For a typical recipe,
we have used a scaling with a spatial unit~s.u.! of 0.018 cm
and a time unit~t.u.! of 21 s @6,17# using the ‘‘Lo’’ kinetic
values given by Keener and Tyson@17#. Under this scaling,
those constants aref 53, q50.002, e50.01, and e8
50.001. For this particular choice of parameters the Ore
nator model exhibits the dynamics of an excitable medi
@14,15#.

The nonconvective part of the medium~gel! is located at
the lower part of the system. Here, thez coordinate moves
from z1g ~corresponding to the lower layer of gel! to z2g ~the
upper layer of gel in the system!. The equations describin
the dynamics in the nonconvective part of the medium~gel!
are given by

]ug

]t
5F~xg!1Dug¹

2ug ,

]vg

]t
5G~xg!1Dvg¹2vg , ~2!

]wg

]t
5H~xg!1Dwg¹

2wg ,

whereDug ,Dvg , andDwg are the diffusion coefficients fo
the u,v, andw species in the gel.

Placed right above the gel lies the convective part of
system~liquid!; z1l<z<z2l . z5z1l corresponds to the lowe
layer of the liquid system in close contact with the gel a
z5z2l is the upper layer in the liquid system. Since we a
sume that fluid motion can take place in the liquid mediu
due to reaction and diffusion processes that develop in th
the Navier-Stokes equations under the Boussinesq app
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mation and the BZ reaction-diffusion equations have be
coupled leading to the following set of equations:

S ]

]t
1V•“ Dul5F~xl !1Dul¹

2ul ,

S ]

]t
1V•“ D v l5G~xl !1Dv l¹

2v l ,

S ]

]t
1V•“ Dwl5H~xl !1Dwl¹

2wl , ~3!

S ]

]t
1V•“ DV52g

r2r0

r0
2

1

r0
“Pr1n¹2V,

“•V50,

whereDul ,Dv l , andDwl are the diffusion coefficients of the
u,v, and w variables in the liquid part.V5(Vx ,Vz) is the
fluid velocity, Pr is the reduced pressure related to the co
ventional pressurep by Pr5p2r0(gxx1gzz), and g
5(gx ,gz) is the acceleration of gravity withgx50, gz5g
for our choice of axes.n is the kinematical viscosity, andr
andr0 are the densities of the liquid system and of the b
fluid, respectively. By writing equations in this form, all hy
drodynamic variables are expressed in terms of the scalin
Eq. ~1!. That is,g5980 cm s223(21 s)2/(0.018 cm)52.4
3107, and n59.231023 cm2 s213(21 s)/(0.018 cm)2

55.963102.
In order to close the proposed model for the liquid, E

~3!, a relationship between the density and the variablesu,v,
and w must be established. Density changes as a co
quence of the chemical reaction that takes place into
liquid layer. Although the chemical reactions here involv
produce heat fluxes in the medium, their effect was not c
sidered in this paper, assuming the temperature to rem
constant during the proccess. Since the total mass of
solution remains constant, the density change must be a
sult of a volume change due to the reaction. Thus, it is p
sible to write

V5V01~u2u0!dVu1~v2v0!dVv1~w2w0!dVw ,
~4!

whereV is the volume of the solution with concentration
(u,v,w),V0 is the initial volume of the reaction with concen
trations (u0 ,v0 ,w0) equal to the steady state values of t
variables. For our choice of parameters and in dimension
form we have u05v053.99831024, w051.998.
dVu ,dVv , anddVw represent the molar volume change d
to the reaction. In general, the density variation due to
change in chemical composition is quite small for the m
known reactions. We may, therefore, assume a linear de
dence of the density on the chemical concentrations

r5r0@12su~u2u0!2sv~v2v0!2sw~w2w0!#, ~5!

where su5dVu /V0 , sv5dVv /V0, and sw5dVw /V0 are
the coefficients of linear expansion due to the compositio
change of@HBrO2#,@ ferroin#, and @Br2#, respectively. The
three-variable Oregonator model is a very simplified mo
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for the BZ reaction, it may not precisely account for t
chemical dependence of the hydrodynamic fluid, furth
more, there are no experimental results about the rela
importance of thesu ,sv , andsw . In this paper, we assum
that the density only depends on the concentration of
@HBrO2# and@Br2# and setsu5sw5s(sv50) @18#. Then,
Eq. ~5! simplifies to

r5r0@12s~u2u0!2s~w2w0!#. ~6!

Positive or negative values ofs are related to a greater o
smaller density in the liquid solution where the reaction ta
place @19#. s can be obtained from experimental measu
ments and its value dramatically changes depending on
reaction or catalysts used. In our case, we sets52.0
31025 for a typical BZ reaction with ferroin as a cataly
@4#.

Now, as usual in fluid physics, the reduced pressurePr
can be eliminated from Eqs.~3! by introducing the stream
function c defined as

Vx5
]c

]z
, Vz52

]c

]x
~7!

and the vorticityv52¹2c, then, the equations describin
the dynamics in the liquid (3) can be rewriten as

]ul

]t
5F~x1!1J~c,ul !1Dul¹

2ul ,

]v l

]t
G~x1!1J~c,v l !1Dv l¹

2v l ,

]wl

]t
5H~x1!1J~c,wl !1Dwl¹

2wl , ~8!

]v

]t
5J~c,v!1sgS ]ul

]x
1

]wl

]x D1n¹2v,

v52¹2c,

where the Jacobi operator

J~ f 1 , f 2!5
] f 1

]x

] f 2

]z
2

] f 2

]x

] f 1

]z
~9!

has been used.
Finally, the exchange of chemicals between the gel

the liquid part of the system is considered to be only throu
the upper layer of the gel systemz5z2g and the lower layer
of the liquid systemz5z1l . To consider this exchange o
matter, we included an additional flux term proportional
the exceeding value of the variable in the gel comparing w
the value of the same variable in the liquid@20#. Thus, for
z5z2g , the equations describing the dynamics of this la
are

]ug

]t
5F~xg!1Dug¹

2ug2bu~ug2ul* !,
-
ve

e

s
-
he

d
h

h

r

]vg

]t
5G~xg!1Dvg¹2vg2bv~vg2v l* !, ~10!

]wg

]t
5H~xg!1Dwg¹

2wg2bw~wg2wl* !,

whereul* 5ul(z1l), v l* 5v l(z1l), andwl* 5wl(z1l).
As well for the lower layer in the liquid mediumz

5z1l ,

]ul

]t
5F~x1!1J~c,ul !1Dul¹

2ul2bu~ul2ug* !,

]v l

]t
5G~x1!1J~c,v l !1Dv l¹

2v l2bv~v l2vg* !,

]wl

]t
5H~x1!1J~c,wl !1Dwl¹

2wl2bw~wl2wg* !,

~11!

]v

]t
5J~c,v!1sgS ]ul

]x
1

]wl

]x D1n¹2v,

v52¹2c,

whereug* 5ug(z2g), vg* 5vg(z2g), andwg* 5wg(z2g).
bu ,bv , andbw are the matter transfer coefficients or e

change coefficients, for@HBrO2#, @ ferroin#, and@Br2#, re-
spectively, between the gel and the liquid and they are
sponsible for the exchange of matter among the two me
They are similar to the reciprocal residence time used
coupled CSTR systems. We set the dimensionless diffus
coefficientsDug5Dwg51 and since matter exchange is a
lowed to occur at the interface between both media and
generalbvÞ0, we admit that ferroinv can diffuse into the
gel but at lower values thanu and w; Dvg50.03. On the
other hand for the liquid medium, since density is lower th
for the gel system, we consider greater diffusivities;Dul
5Dwl51.4 andDv l50.4. The same reasoning can be a
plied to the exchange coefficients between gel and liquid
consequently we will consider from now onbu5bw . We
will show later in Sec. III that the main influence on wav
propagation, both in the gel and the liquid media, is due
the values of the exchange coefficients and not on the
cific values of the dimensionless diffusion coefficients. Ne
ertheless, we will always consider that ferroin diffus
slower than the other two components in the reaction. Eq
tions ~1!, ~2!, ~8!, ~10!, and~11! completely define our prob
lem.

B. Initial and boundary conditions

The boundary conditions at the top and bottom of ea
medium are no-slip boundary conditions for the fluid velo
ity ~i.e., zero-flux boundary conditions for the stream fun
tion and vorticity! and zero-flux boundary conditions for th
chemical concentrations. We also require periodic bound
conditions for all variables involved in our equations at t
left and right boundaries of the domain.

The set of equations~2!, ~10! have been integrated usin
an alternating direct implicit~ADI ! method, while Eqs.~8!
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and~11! were integrated with a simultaneous over-relaxat
~SOR! method coupled to the ADI method@21#. The spatial
step sizes areDx5Dz51 s.u. while the time step isDt
51025 t.u. The mesh sizes for the gel slab wereLx3Lz

g

5200316. Since the sizeLz
l for the liquid layer affects the

wave propagation, a range of values were selected; 2<Lz
l

<16 for research purposes. The value ofLx was chosen so
that higher mesh sizes do not affect the obtained results

Initially, chemical concentrations are supposed to be
the steady state with no fluid flow anywhere~so, the vorticity
and the stream function were set equal to zero for all
mesh points!. A front is generated only within the gel slab b
increasing the values of the concentration variables toug
50.5, vg50.05, andwg51.0 atLx/4. Two pulses are then
generated into the gel medium which propagate in oppo
directions although the left one is annihilated. The excha
matter with the liquid layer is allowed to occur when th
front reaches the positionLx/2.

III. RESULTS

The main influence of fluid dynamics on chemical wa
propagation is shown in Fig. 1 for a two-layer gel-liqu
excitable medium. The temporal evolution~from top to bot-
tom in Fig. 1! of a wave front is shown for three situation

FIG. 1. Wave propagation through a gel-liquid system.~A! s
50.0 ~no convection!, ~B! s52.031025, andbu5bw50.6 ~turbu-
lent regime!, ~C! s52.031025 andbu5bw50.5 ~steady propaga-
tion of the wavefront together with two counterrotating vortices
the liquid layer!. Times for figures are~1! 0 s,~2! 105 s, and~3! 210
s. ~Other parameters:bv50.25. Units in both axis are in cm.! The
upper part of the medium in each subplot~above the solid stright
line! corresponds to the liquid medium while the bottom~below the
line! is the gel. In all subplots the pattern formed by the values
the u variable is plotted~white means 0 while black is 0.8, gra
colors are linearly interpolated from these!. We also plot the stream
function in the liquid part~contour lines are plotted every 9.
mm2/min, negative values are in front of the propagating wa
front while positive values are at the back!. In all cases, the wave
front propagates towards increasing values ofX. Waves propagating
towards negative values ofX were systematically eliminated in or
der to be able to follow the propagation of the main wave for lon
periods of time.
n

n

e

te
e

~A! s50, the density does not depend on the chemical s
cies and the fluid flow dynamic is uncoupled from the rea
tion kinetics under the Boussinesq approximation used
this paper,~B! and~C! sÞ0 for two different transfer matte
coefficientsbu . For s50, the front in the gel excites the
liquid region at its bottom and this excitation finally develo
into a wave front, whose shape~as well as the wave fron
into the gel medium! remains unchanged. For the selected
of parameters, the wave velocity in the liquid layer is nea
twice the velocity in the gel, so the front in the gel mediu
is folded as its velocity near the interface should match
wave velocity value for the liquid medium@see Figs. 1~A2!,
1~A3!#. This particular case reproduces experiments
Zhabotinsky and co-workers@22# where they describe wav
propagation in a medium composed by two parts with diff
ent diffusion coefficients and without convection.

WhensÞ0, a complex fluid dynamic behavior develop
Figs. 1~B1!–1~B3!. First, a chemical wave front is induced i
the liquid medium at the top boundary of the gel layer a
consequence of the mass transfer at the interface. Then,
sity gradients due to chemical gradients in the vicinity of t
reaction front originate and give rise to two counter-rotati
convective type vortices. These convective fluid vortices t
chemicals from the bottom side of the liquid layer which a
reinjected into the back and front of the initial wave front,
the gel surface where new wave fronts are initiated, th
repeating the process depicted above. The new wave initi
in front of the original wave front dies out as the old on
reaches its position before it could grow up. By decreas
the transfer matter coefficientsbu @Figs. 1~C1!–1~C3!#, not
enough chemicals reach the liquid layer to initiate a wa
front and only a small bump at the interface is originate
This gives rise to two counter-rotating vortices that rem
nicely traveling with the front at the same speed witho
perturbing its propagation.

The values of the transfer matter coefficients ands turn
out to be fundamental to control fluid vortex formation in th
liquid and the onset of wave propagation in the liquid m
dium. Figure 2 shows the critical values of the transfer m
ter coefficientsbu andbv for wave propagation in the liquid

f

r

FIG. 2. Critical values of the transfer matter coefficients.bu ,
versusbv for wave propagation inside the liquid medium. Tw
cases are plotted; no convection@s50.0, marked with3# and con-
vection (s52.031025, marked withs). ~Solid and dashed lines
are just a guide for the eye!.
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medium. Below the lines, the wave front in the gel is una
to excite a front in the liquid. It is interesting to note th
independently of the specific values ofs, increasing the
transfer matter coefficients of@ ferroin#,bv , through the in-
terface necessarily means that higher values ofbu are needed
in order to achieve front propagation into the liquid mediu

On the other hand, in Fig. 3 the effect ofs for wave
propagation is analyzed for two values ofbv . The lines cor-
respond to the critical values ofbu above which wave propa
gation in the liquid medium occurs. For any value ofbv the
behavior is equivalent to those two examples shown h
namely, a nearly constant value ofbu , and then a rapid drop
in bu to zero for some critical valuesc . For any value ofbv
contant, such thes.sc still holds, any value ofbu will give
rise to front propagation in the liquid and finally this wav
will be broken due to convection giving rise to multiple e
citations in the gel surface as it was described above in F
1~B1!–1~B3!. Within the region of front propagation, for
constant value ofbu , as the coupling between hydrodynam
ics and the reaction dynamics of the Oregonator mode
increased~i.e., s increases!, the wave front velocity in-
creases due to the presence of two counter rotating vor
traveling with the wave. Note as well that the values ofs
found in the literature@4#, are usually quite below these crit
cal values ofsc but still open new possibilities for the effec
of convection cells on pattern formation.

Finally, the role of the liquid layer depth for wave prop
gation has been investigated. Figure 4 shows the wave
locity in the liquid medium as a function of the layer dep
for two different cases:~i! either the chemical transfer at th
interface is allowed (buÞ0 andbvÞ0) or ~ii ! is not allowed
to occur (bu5bv50). In all cases, these velocities we
higher than the wave front velocity in the gel layer due to
used diffusion coefficients. WhenbuÞ0 and bvÞ0, the
wave front in the liquid keeps its shape~so wave velocity can
be defined! for layers as deep as 1.26 mm. For higher dep
convective cells destroy the front and induce some kind
turbulence behavior as it was described above. When
chemical transfer at the interface is not allowed to occur,
maximum depth for steady wave propagation is 0.9 m
Nevertheless, in both cases, the obtained wave velocitie

FIG. 3. Critical values ofbu versuss. Two cases are plotted
namely,bv50.25~marked with3) andbv50.5 ~marked withs).
~Solid lines are just a guide for the eye!.
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the liquid medium were the same. The coupling of both m
dia, gel, and liquid, induces a higher stability of the fro
dynamics which is translated into the need of higher dep
in order to get higher convective cells able to destroy
wave front.

IV. DISCUSSION

Convective structures associated with traveling wa
fronts in a two-layer medium have been observed and t
properties analyzed in terms of mass transfer rate betw
both media, liquid layer width, and coupling strengths be-
tween fluid flow and chemical dynamics. As a conseque
of different chemical compositions in the vicinity of the fron
in the liquid medium, density gradients are induced givi
rise to the formation of two counter rotating convective rol
These cells move together with the wave front for small v
ues of the mass transfer rate at the interface, while a di
dered, otherwise turbulent, behavior is observed for hig
values ofbu and bv . The effects of transfer matter coeffi
cients ands on wave propagation are binded together. Fo
constant value ofs, increasing the transfer matter coefficie
of @ ferroin#, bv , necessarily means to increasebu to achieve
wave propagation. Nevertheless, for high enough value
s, above some critical valuesc , any value ofbu will give
rise to wave propagation.

Previous experiments and numerical simulations tak
into account convection have been performed only in aq
ous solutions. Most of the actual experiments are perform
in a two-layer media where wave propagation only tak
place in the gel~catalyzer is immobilized in the gel!. Here,
we have shown that independently of the transfer rate at
interface, when the fluid flow dynamic is coupled to th
chemical reaction kinetics, two counter-rotating vortices d
velop in the vicinity of the front. Even in the case of no fro
propagation in the liquid, a small perturbation at the gel s
face gives rise to two convective cells. These results could

FIG. 4. Wave velocity in the liquid medium versus the thickne
of the liquid layer. Two cases are plotted in the figure;bu5bv
5bw50.0 ~marked with (3) and a solid line; here gel and liquid
media are uncoupled! andbu5bw50.6, bv50.25~marked withs

and a dashed line!. (s52.031025, wave velocity in the gel
medium54.4 mm/min!. ~Solid and dashed lines are linear fits of th
data with slope equal to 10.5 min21). Velocities were calculated by
linearly fitting, once the stationary regime is achieved, all thex
coordinates of the wave front versus time.
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verified by doing experiments with a BZ reaction who
catalyzer is then immobilized into the gel.

Although simulations in this paper are constrained to
2D case, problems in 3D~a 2D gel covered by liquid! may
also be studied. In this case, interesting phenomena coup
convection and diffusion may be observed@23#.
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